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r^ ' Abstract: 

-(— > ■ 
Cd ■ For a scattering system {Aq, Aq} consisting of selfadjoint extensions 

Aq and Aq of a symmetric operator A with finite deficiency indices, 
the scattering matrix {S'e(A)} and a spectral shift function ^e are 
calculated in terms of the Weyl function associated with the bound- 
j^ ■ ary triplet for A* and a simple proof of the Krein-Birman formula 

H I is given. The results are applied to singular Sturm-Liouville oper- 

ators with scalar and matrix potentials, to Dirac operators and to 
Schrodinger operators with point interactions. 
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1 Introduction 

Let q g L;^Q^(R+) be a real function and consider the singular Sturm-Liouville 

,2 ,2 

differential expression — -^ + q on R+ . We assume that — -^^ + g is in the limit 

point case at 00, i.e. the corresponding minimal operator L, 

Lf = -I" + qf, dom(L) = {/ e V,„a. : /(O) = /'(O) = O}, (1.1) 



in _L^(M-|_) has deficiency indices (1, 1). Here Vmax denotes the usual maximal 
domain consisting of all functions / S L^(M+) such that / and /' are locally 
absolutely continuous and — /" + qf belongs to i^(M+). It is well-known that 
the maximal operator is given by L* f ~ — /" + qf, dom (L*) — Vmax, and that 
all selfadjoint extensions of L in L^(M_|_) can be parametrized in the form 

Le = L* \ dom(Le), dom(ie) = {/ e V„,a.x : /'(O) = 6/(0)}, Gel, 

where 9 = 00 corresponds to the Dirichlet boundary condition /(O) = 0. 

Since the deficiency indices of L are (1, 1) the pair {Lq, L^o}, 6 G M, per- 
forms a complete scattering system, that is, the wave operators 

W±{Le,L^) = s- lim e'*^«e-**^-P"^(Loo) 

t — *±oo 

exist and their ranges coincide with the absolutely continuous subspace 
ran(P'''=(Le)) of Lq, cf. 1^123 !S1 !SH1 • Here P^^L^) and P'"=(ie) denote 
the orthogonal projections onto the absolutely continuous subspace of Loo and 
Lq, respectively. The scattering operator Sq — W+{LQ,Laa)*W-{LQ,Lac) 



commutes with Loo and therefore S'e is unitarily equivalent to a muhiplication 
operator induced by a family {5'e(A)} of unitary operators in the spectral rep- 
resentation of Loo- This family is usually called the scattering matrix of the 
scattering system {Lq, Lqo} and is the most important quantity in the analysis 
of scattering processes. 

A spectral representation of the selfadjoint realizations of ~-^ + q and 
in particular of Lqo has been obtained by H. Weyl in [3S1 |3S1 EZ], see also 
I^ISni- More precisely, if ip{-,X) and '0(-, A) are the fundamental solutions of 
~u" + qu = Xu satisfying 

V3(0,A) = 1, ip' {0,X)^0 and V(0,A) = 0, i/''(0,A) = l, 

then there exists a scalar function m such that for each A G C\M the function 
X 1-^ (p(x, A) +m{X)tp(x, A) belongs to L^(R+). This so-called Titchmarsh-Weyl 
function to is a Nevanlinna function which admits an integral representation 

™(A) = « + £(^-^)rfpW (1.2) 

with a measure p satisfying J(l + t'^)^^dp(t) < oo. Since Loo is unitarily equiv- 
alent to the multiplication operator in L'^(R, dp) the spectral properties of Loo 
can be completely described with the help of the Borel measure p, i.e. Loo is 
absolutely continuous, singular, continuous or pure point if and only if p is so. 
It turns out that the scattering matrix {S'e(A)} of the scattering system 
{Le,Loo} and the Titchmarsh-Weyl function to, are connected via 



B — to(A -I- zO) 

for a.e. A G M with 3m(TO(A -I- iO)) ^ 0, cf. Section [5m For the special case 
g = in 1)1. l|l the Titchmarsh-Weyl function is given by 7tt.(A) = j-\/A, where y^ 
is defined on C with a cut along K_|_ and fixed by 3m \fX > for A ^ K+ and 
by \/A > for A G M+. In this case formula (|1.3() reduces to 

Se{X) = ^±^ for a.e. A G R+ (1.4) 

— iVX 

and was obtained in e.g. [SHI §3]. 

The basic aim of the present paper is to generalize the correspondence 1)1. 3|l 
between the scattering matrix {S'e(A)} of {Le,Loo} and the Titchmarsh-Weyl 
function m from above to scattering systems consisting of a pair of selfadjoint 
operators, which both are assumed to be extensions of a symmetric operator 
with finite deficiency indices, and an abstract analogon of the function to. 

For this we use the concept of boundary triplets and associated Weyl func- 
tions developed in ^1 ^] . Namely, if A is a densely defined closed symmetric 
operator with equal deficiency indices n±{A) < oo in a Hilbert space Sj and 
n = {7i,ro,ri} is a boundary triplet for A*, then all selfadjoint extensions 



^e of A in ^3 are labeled by the selfadjoint relations Q in H, cf. Section ITTl 
The analogon of the Sturm-Liouville operator Loo from above here is the self- 
adjoint extension Aq := A* \ ker(ro) corresponding to the selfadjoint relation 
{(^) : h g Tl}. To the boundary triplet 11 one associates an operator- valued 
Nevanlinna function M holomorphic on p{Aq) which admits an integral repre- 
sentation of the form H1.2|l with an operator-valued measure closely connected 
with the spectral measure of Aq, see e.g. 0. This function M is the abstract 
analogon of the Titchmarsh-Weyl function m from above and is called the Weyl 
function corresponding to the boundary triplet 11, cf. Section IT^ 

Since A is assumed to be a symmetric operator with finite deficiency indices 
the pair {Ae, Ao}j where Q is an arbitrary selfadjoint relation in 7i, is a com- 
plete scattering system with a corresponding scattering matrix {S'e(A)}. Our 
main result is Theorem 13.81 which states that the direct integral L'^{M., fj,L,TC\) 
performs a spectral representation of the absolutely continuous part Ag'^ of Aq 
such that the scattering matrix {5'e(A)} of the scattering system {Aq, Aq} has 
the form 

50(A) =/^, +2^V3m(M(A))(e-^f(A))"Vs^l(Af(A)) (1.5) 

for a.e. A G M, where M(A) :— M{\ + iO), /ii is the Lebesgue measure and 
Tix := ran (9m (M(A))). If the Weyl function scalar, i.e. the deficiency indices of 
A are (1,1), then we immediately restore (|1.3|) from H1.5|l . see also Corollarv l3.1UI 
We note that in ^J (see also 0]) V.M. Adamyan and B.S. Pavlov have already 
obtained a different (unitarily equivalent) expression for the scattering matrix 
of a pair of selfadjoint extensions of a symmetric operator with finite deficiency 
indices. 

We emphasize that the representation (|1.5|) in terms of the Weyl function 
of a fixed boundary triplet has several advantages, e.g. for Sturm-Liouville 
operators with matrix potentials, Schrodinger operators with point interactions 
and Dirac operators the high energy asymptotic of the scattering matrices can 
be calculated and explicit formulas can be given (see Section ISJ. Furthermore, 
since the difference of the resolvents of Aq and Aq is a finite rank operator, the 
complete scattering system {Ae, ^o} admits a so-called spectral shift function 
^e, cf. [211 and e.g. |H1E|- Recall that ^e is a real function summable with 
weight (1 + A^)^^ such that the trace formula 

tr ((^e - z)-^ - (Ao - z)-i) = - / ,. ^ ., ee(A) d\ 

is valid for z G C\M. The spectral shift function is determined by the trace 
formula up to a real constant. Under the assumption that is a selfadjoint 
matrix, we show that the spectral shift function of {Ae? ^o} is given (up to a 
real constant) by 

Ce(A) = -3m(tr(log(M(A-)-iO)-e))) for a.e. A G R, (1.6) 

see Theorem 14.11 and 28 for the case n — 1. With this choice of ^e and the 
representation 11. 5|) of the scattering matrix {5*0 (A)} it is easy to prove an 



analogue of the Birman-Krein formula (see |S]) 

det(S'e(A)) = exp(-27ri^e(A)) for a.e. A G M 

for scattering systems {yle,^o} consisting of selfadjoint extensions of a sym- 
metric operator with finite deficiency indices. Finally we mention that with the 
help of the representation (|1.5|) in a forthcoming paper the classical Lax-Phillips 
scattering theory will be extended and newly interpreted. 

The paper is organized as follows. In Section [3 we briefly recall the notion 
of boundary triplets and associated Weyl functions and review some standard 
facts. Sectional is devoted to the study of scattering systems {Ae,^o} con- 
sisting of selfadjoint operators which are extension of a densely defined closed 
simple symmetric operator A with finite deficiency indices. After some prepa- 
rations we proof the representation H1.5|l of the scattering matrix {5*0 (A)} in 
Theorem 13.81 Section 0] is concerned with the spectral shift function and the 
Birman-Krein formula. In Section |S1 we apply our general result to singular 
Sturm-Liouville operators with scalar and matrix potentials, to Dirac operators 
and to Schrodinger operators with point interactions. Finally, for the conve- 
nience of the reader we repeat some basic facts on direct integrals and spectral 
representations in the appendix, thus making our exposition self-contained. 

Notations. Throughout the paper Sj and TC denote separable Hilbert spaces 
with scalar product (•, •). The linear space of bounded linear operators defined 
from ^ to 7Y is denoted by [Sj,T-C]. For brevity we write [Sj] instead of [^,i]]. 
The set of closed operators in S) is denoted by C(i5). By C(i5) we denote the 
set of closed linear relations in S). Notice that C{Sj) C C{Sj). The resolvent 
set and the spectrum of a linear operator or relation are denoted by p(-) and 
(t(-), respectively. The domain, kernel and range of a linear operator or relation 
are denoted by dom(-), ker(-) and ran(-), respectively. By B{M.) we denote the 
Borel sets of R. The Lebesgue measure on B{R) is denoted by A^l(')- 

2 Extension theory of symmetric operators 

2.1 Boundary triplets and closed extensions 

Let yl be a densely defined closed symmetric operator with equal deficiency 
indices ti±{A) — dimker(A* =F i) < oo in the separable Hilbert space Sj. We 
use the concept of boundary triplets for the description of the closed extensions 
Aq cA* of a in ft, see [12 [13 [H EH . 

Definition 2.1 A triplet H = {7i, ro,ri} is called boundary triplet for the 
adjoint operator A* if Ti is a Hilbert space and ro,ri : dom(y4*) —> Ti are 
linear mappings such that 

(i) the abstract second Green's identity, 

{A*f, g) - (/, A*g) = (Fi/, Fog) - (Fq/, V,g), 

holds for all f,g(z dom (A* ) and 



(ii) the mapping T := (ro,ri)^ ; dom(A*) — > Ti, x Ti, is surjective. 

We refer to ^21 and jjl] for a detailed study of boundary triplets and recall 
only some important facts. First of all a boundary triplet II = {7i,ro,ri} for 
A* exists since the deficiency indices n± {A) of A are assumed to be equal. Then 
n±{A) = dimTi holds. We note that a boundary triplet for A* is not unique. 

An operator A is called a proper extension of A if A is closed and satisfies 
A C A C A* . Note that here A is a proper extension of itself. In order to 
describe the set of proper extensions of A with the help of a boundary triplet 
n = {H, Fq, Fi} for A* we have to consider the set C(7i) of closed linear relations 
in H, that is, the set of closed hnear subspaces oiH^Ti.. A closed linear operator 
in Ti. is identified with its graph, so that the set C(H) of closed linear operators in 
Ti, is viewed as a subset of C(7i). For the usual definitions of the linear operations 
with linear relations, the inverse, the resolvent set and the spectrum we refer to 
|15|. Recall that the adjoint relation 9* E C{Ti) of a linear relation 9 in Ti is 
defined as 

9* :=. I (^^)j : {k, h') = (fc', h) for all (^)j e Q^ (2.1) 

and 9 is said to be symmetric (selfadjoint) if 9 C 9* (resp. 9 = 9*). Note 
that definition (|2.1(l extends the definition of the adjoint operator. 

With a boundary triplet II — {'W,Fo,Fi} for A* one associates two selfad- 
joint extensions of A defined by 

Ao := A* \ kcr(Fo) and Ai ■- A* \ ker(Fi). 

A description of all proper (closed symmetric, selfadjoint) extensions of A is 
given in the next proposition. Note also that the selfadjointness of ^o and Ai 
is a consequence of Proposition 12. 21 fii). 

Proposition 2.2 Let H = {7i,Fo,Fi} be a boundary triplet for A*. Then the 
mapping 

e^Ae-.^ F-19 = {/ e dom (^*) : F/ = (Fq/, Fi/)^ e 9} (2.2) 

establishes a bijective correspondence between the setC{Ti) and the set of proper 
extensions of A. Moreover, for 9 € CiTi) the following assertions hold. 

(i) {AeY^Ae,. 

(ii) Aq is symmetric (selfadjoint) if and only if 9 is symmetric (resp. selfad- 
joint). 

(iii) ^e is disjoint with Aq, that is dom(Ae) H dom(^o) = dom(j4), if and 
only if Q ^ C(H). In this case the extension Aq in H2.2|) is given by 

Ae = A*rker(Fi-9Fo). 



In the following we shall often be concerned with simple symmetric operators. 
Recall that a symmetric operator is said to be simple if there is no nontrivial 
subspace which reduces it to a selfadjoint operator. By j^ each symmetric 
operator A in Sj can be written as the direct orthogonal sum A® As of a simple 
symmetric operator A in the Hilbert space 

^ = clospan{ker(A* - A) : A G C\R} 

and a selfadjoint operator Ag in SjQSj. Here clospan{-} denotes the closed linear 
span of a set. Obviously A is simple if and only if ij coincides with ^. 

2.2 Weyl functions and resolvents of extensions 

Let, as in Section I2T1 A be a densely defined closed symmetric operator in S) 
with equal deficiency indices. If A G C is a point of regular type of A, i.e. 
{A — A)^^ is bounded, we denote the defect subspace of A by A/a = kcr(yl* — A). 
The following definition can be found in _12_, J_3_, J^ . 

Definition 2.3 Let H = {7Y,ro,ri} be a boundary triplet for A* and let Aq = 
A* \ ker(ro). The operator valued functions 7(-) : p{Ao) — > [HjSj] and M{-) : 
p{Ao) > [H] defined by 

7(A) := (rot AAa)"' and Af (A) := ri7(A), A G p(Ao), (2.3) 

are called the 7-field and the Weyl function, respectively, corresponding to the 
boundary triplet 11. 

It follows from the identity dom(j4*) = ker(ro)+A6\, A G p{Aq), where as 
above Aq = A* \ ker(ro), that the 7-ficld 7(-) in (|2.3I) is well defined. It is easily 
seen that both 7(-) and Af (•) are holomorphic on p{Aq). Moreover, the relations 

^{p)^{l+{p-\){Ao-fi)-')j{X), X,pep{Ao), (2.4) 

and 

Af(A)-Af(M)*-(A-7l)7(^)*7(A), X,pep{Ao), (2.5) 

are valid (see JIB]). The identity (|2.5|) yields that Af (•) is a Nevanlinna function, 
that is, Af(-) is holomorphic on C\R and takes values in [H], Af(A) = Af(A)* 
for all A G C\R and Sm (Af (A)) is a nonnegative operator for all A in the upper 
half plane C+ = {A G C : 3mA > 0}. Moreover, it follows from (|2.5(l that 
G p(3m(Af(A))) holds. It is important to note that if the operator A is 
simple, then the Weyl function Af (•) determines the pair {A, Ao} uniquely up 
to unitary equivalence, cf. |12II13| . 

In the case that the deficiency indices n+{A) = n^{A) are finite the Weyl 
function Af corresponding to 11 = {7i,ro,ri} is a matrix-valued Nevanlinna 
function in the finite dimensional space Ti. From |16[I18| one gets the existence 
of the (strong) limit 

Af (A + iO) = lim Af (A + ie) 



from the upper half-plane for a.e. A G R. 

Let now 11 = {H,ro,Ti} be a boundary triplet for A* with 7-field 7(-) 
and Weyl function M(-). The spectrum and the resolvent set of a proper (not 
necessarily selfadjoint) extension of A can be described with the help of the 
Weyl function. If Aq C A* is the extension corresponding to S C(7i) via 
H2.2|l . then a point A e p{Ao) (A e (Ti{Ao), i — p,c,r) belongs to p(Ae) if and 
only if e p{e - M{X)) (resp. G a,{e - M{\)), i = p,c,r). Moreover, for 
A G p{Ao) n p{Aq) the well-known resolvent formula 

(Ae ~ A)-i - (^0 - A)-i + 7(A)(e - Af (A))"S(A)* (2.6) 

holds. Formula (|2.6I) is a generalization of the known Krcin formula for canonical 
resolvents. We emphasize that it is valid for any proper extension of A with a 
nonempty resolvent set. It is worth to note that the Weyl function can also be 
used to investigate the absolutely continuous and singular continuous spectrum 
of extensions of A, cf. |11| . 

3 Scattering matrix and Weyl function 

Throughout this section let A he a, densely defined closed symmetric operator 
with equal deficiency indices n+{A) = n_(j4) in the separable Hilbert space 
S). Let n = {TYjFojFi} be a boundary triplet for A* and let 7(-) and M(-) 
be the corresponding 7-field and Weyl function, respectively. The selfadjoint 
extension A* \ kcr(Fo) oi A is denoted by Aq. Let Aq be an arbitrary selfadjoint 
extension of ^4 in ij corresponding to the selfadjoint relation Q G C{'H) via H2.2|) . 
Ae = A* \ F-^e. 

Later in this section we will assume that the deficiency indices of A are finite. 
In this case the wave operators 



W±{Ae,Ao) := s- lim e"^«e-"^«F'^^(Ao), 

t — >±OCi 

exist and are complete, where P°'''{Aq) denotes the orthogonal projection onto 
the absolutely continuous subspace Sj°-'^{Ao) of Aq. Completeness means that 
the ranges of W±{Aq,Ao) coincide with the absolutely continuous subspace 
ij'"^(Ae) of Ae, cf. [HI 1251 IMI 1881 . The scattering operator Sq of the scattering 
system {^9,^0} is then defined by 

Se:--W+iAe,Ao)*W.iAe,AQ). (3.1) 

Since the scattering operator commutes with Aq it follows that it is unitarily 
equivalent to a multiplication operator induced by a family {5e(A)} of unitary 
operators in a spectral representation of Aq'^ := Aq \ dom(ylo) n Sj"-''{Aq). The 
aim of this section is to compute this so-called scattering matrix {S'e(A)} of the 
complete scattering system {Aq, Aq} in a suitable chosen spectral representation 
of Aq'^ in terms of the Weyl function Af (•) and the extension parameter Q, see 
Theorem rOl 



For this purpose wc introduce the identification operator 

J:=-{Ae-i)-\AQ-i)-^e[^] (3.2) 

and we set 

B:=To{Ae+i)-^ and C := T i{A(^ - i)'^ . (3.3) 

Lemma 3.1 Let A be a densely defined closed symmetric operator in the sep- 
arable Hilbert space ^ and let 11 ~ {7i, ro,ri} be a boundary triplet for A*. 
Let Aq = A* \ ker(ro) and let Ae ^ A* \ T-^Q, 6 G C{n), be a selfadjoint 
extension of A. Then we have 

AeJf - JAof = [Ae - iT'f - (Aq - i)-'f, f e dom (Aq), 

and the factorization 

{Ae-i)-^-{Ao-i)-'^B*C (3.4) 

holds, where B and C are given by (|3.3|l . 

Proof. The first assertion follows immediately. Let us prove the factoriza- 
tion H3.4|l . If 7(-) and Af (•) denote the 7-field and Weyl function, respectively, 
corresponding to the boundary triplet H, then the resolvent formula 

(Ae - A)-i - (^0 - A)-i + 7(A) (e - M{\)) "S(A)* (3.5) 

holds for aU A G p{Aq) n p{Ao), cf. (|T^ . Applying the operator Fq to l|X3|) . 
using H3.3|) . Aq — A* \ ker(Fo) and the relation Fo7(— i) = In we obtain 

B = To{Ae + t)-^ = Fo(Ao + i)-' + Fo7(-*)(e - M(-z))"S(«)* 

= (e-A/(-z))"S(z)*. 

Hence 6 = 6* and M{-i)* = M{i) imply 

S* =7(i)(6-M(i))"\ (3.6) 

Similarly, setting Ai := A* \ ker(Fi) we get from the resolvent formula H3.5|l 

(Ai - z)-i = {Ao - i)-^ - ^{i)M{i)-^^{-ir. 

On the other hand, by the definition of the Weyl function Fi7(i) = M{i) holds. 
Therefore we obtain 

C = Fi(Ao-i)"^=7(-0* and C* = 7(-i). (3.7) 

Combining (|3.5|) with H3.6|) and H3.7|l we arrive at the factorization (|3.4|) . D 



Lemma 3.2 Let A be a densely defined closed symmetric operator in the sep- 
arable Hilbert space Sj, let 11 — {7i,ro,ri} be a boundary triplet for A* and 
let M(-) be the corresponding Weyl function. Further, let Aq ^ A* f ker(ro) 
and let Aq = A* \ T^^Q, Q G C{7i), be a selfadjoint extension of A. Then the 
relation 

BiAe \)-'B* =Y^((0 - MiX))-' - (6 - M{^))-') 

Qm(e-M(i))"^ 

holds for all A G C\{M U ±i}, where B is given by (|3.3|) . 
Proof. By (j^.^fl we have 

B{Aq - X)-^B* = ro{ro(Ae + i)-\Ae - X)-\Ae - i)-^}* . 
It follows from the resolvent formula (|3.5|) that 

To{Ae - ^i)-' = {{e - M{^i))-'J(]lr 

holds for all /i G C\M. Combining this formula with the identity 

(Ae + ir\Ae -X)-\Ae - i)-^ = 

=^ {{Ae-X)-' - (Ae + ^)-'} - — =^ {(^e - ^)-' - (As + z)-'} 
A^ + 1 2i(A — I) 

we obtain 
B{Ae - X)-'B* = ro|=^ ((e - Af (A))-S(A)* - (6 - M(-^))-^(^)*) 

-^-^^ ((e - Af (z))-SH)* - (e - M{-^))-'J{^r) \ . 

Calculating the adjoint and making use of ro7(/i) = /-h, /i G C\M, and the 
symmetry property Af (A) = Af (A)* the assertion of Lemma 13.21 follows. D 

From now on for the rest of this section we will assume that the deficiency indices 
n+{A) = n-{A) of the symmetric operator A are finite, n±{A) < oo. In this case 
the dimension of the Hilbert space TC in the boundary triplet 11 = {H, Fg, Fi} is 
also finite and coincides with the number n±{A). Let again Aq — A* \ ker(Fo) 
and J, B and C as in (|3.2|) and H3.3|l . respectively. Then the operators BJ and 
C are finite dimensional and hence the linear manifold 

M :==span{ran(P''"(Ao)J*B*),ran(P'^'=(ylo)C*)} C Sj'^'iAo) (3.8) 
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is finite dimensional. Therefore there is a spectral core Aq C aac{Ao) of the 
operator Aq'^ := Aq \ Sj°''^{Ao) such that A^ is a spectral manifold, cf. Ap- 
pendix ^ The spectral measure of Aq will be denoted by Eq. We equip M 
with the semi-scalar products 

(/, g)Eo,x = ^(-Bo(A)/, g), A e Ao, /, ff G M, 

and define the finite dimensional Hilbert spaces AIa by 

Mx:=M/keTi\\-\\E„^x), A e Aq, (3.9) 

where || • \\eo,x is the semi-norm induced by the semi-scalar product (•,•)_£(,, a, 
see Appendix ^ Further, in accordance with Appendix ^ we introduce the 
linear subset Vx C Sj°'''{Aq), A G R, with the semi-norm [■]eo,>. given by 1)1.2(1 . 
By factorization and completion of 2?a with respect to the semi-norm [-Jbo^a we 
obtain the Banach space 

^A := clo[.],^,, {Vx/ ker([.]B„,A)) , A e M, 

where clo[.]^ ^ denotes the completion with respect to [■]eo,x- By Dx : T^x — *■ Vx 
we denote the canonical embedding operator. From M '^ T>x, X £ Aq, we have 
Dx-M. C 2?;j. Moreover, since Al is a spectral manifold DxA4 coincides with 
the Hilbert space Mx for every A € Aq, cf. Appendix 1X1 

Following [3 §18.1.4] we introduce the linear operators Fbj(A) and Fc{X) 
for every A € Aq by 

FBjiX) := i?AP''"(Ao) J*S* e [?i, TWa] (3.10) 

and 

FciX) := i?AP°^(Ao)C* G [7i,XA]. 



Lemma 3.3 Let A be a densely defined closed symmetric operator with finite 
deficiency indices in the separable Hilbert space Sj, let IT — {7i, ro,ri} be a 
boundary triplet for A* and let Af (•) be the corresponding Weyl function. Fur- 
ther, let Ao = A* \ ker(ro) and let Aq ^ A* \ T^^O, 6 G C{n), be a selfadjoint 
extension of A. Then 

FbAX) = ~Fc{X) 1^ Sm(e - M{z))-' + ^^(6 - M{z))-' 

and A4x — t^s^^Fc{X) holds for all A G Ag. 
Proof. Inserting J from 13.2|l into ((3.10|l we find 

Fbj{X) = -i^AP""(Ao)(v4o + ^)-\Ae + i)-^B*. 
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For / e Sj'^'iAo) Lemma EH implies Da(^o + i)~\f = (A + i)~^Dxf and 
therefore 

FbjW = - (A + ir^DxP--{Ao){Ae + i)-^B* 

= - (A + i)-^DxP^%Aa){{Ae + lY^ - (^o + ir^)B* (3.11) 

- (A + i)-^DxP'''{Ao){Ao + i)-^B*. 

By (|2.5() we have 2i^{i)*^{i) — M{i) — M{~i). Taking this identity into account 
we obtain from ^i^, IpT^ and IpTTjl 



{{Ae+i)-'-{Ao + t)-')B* 

= 7(-*)(e - MH))-S«*7W(e - M{t)y' 
= c* {e - Mi-i)y^'^m{M{i)){e - M{i)y^ 

= C*Qm(e-Af(i))"\ 



(3.12) 



On the other hand, by (|2.4() we have 7(1) = (^o + *)(^o ^ i) ^7(^*) and this 
identity combined with (|3.7|) and (|3.t)|) yields 

B* = {Ao + i)iAo - i)-^C*{e - M{i)y\ (3.13) 

Inserting (|3.12() and H3.13|l into H3.11|l and making use of (|3.7|) . Lemma ^3] and 
the definition of Fc{X) we obtain 

Fbj{X) - - (A + t)-^DxP^^{A„)C* Qm(e - M(^))"' 

- (a2 + i)-iz?aP""(Ao)c* (e - M{z)y' 

--Fcix)[j^^^in{Q-Amy' + ^{e-Amy 

for all A G Aq. Therefore ran Fbj( A) C ranF(7(A) and it follows that Ai\ 
coincides with rani^c(A), A £ Aq. This completes the proof of Lemma [3.31 D 

In the next lemma we show that the spectral manifold M defined by (|3.8(l is 
generating with respect to Aq'^ if the symmetric operator A is assumed to be 
simple (cf. Section ITTl and (|l.Hl ). The set of all Borel subsets of the real axis 
is denoted by , 



Lemma 3.4 Let A be a densely defined closed symmetric operator in the sep- 
arable Hilbert space 9^ and let Aq be a self adjoint extension of A with spectral 
measure Eq{-). If A is simple, then the condition 

Sj'"'(Ao) = c\ospan{Eo{A)f : A e B{R), f E M} (3.14) 

is satisfied. 
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Proof. Since A is assumed to be simple we have i^ = clospan{7VA : A G 
where Mx = ker(A* - A). Hence ^""{Ao) = clospan{P'^'=(Ao)A6v : A G C\M}. 
From C* = 7(-i) we find P°-''{Ao)J^-i C M and by H2.4|l we have 

Nx^{Ao + t){Ao~\)-^J^-^ 

which yields 

TVa C clospan{^o(A)ran(C*) : A e 

for A £ C\R. Therefore 



P'"'{Aa)Afx C clospan{^o(A)P"'=(Ao)ran(C*) : A e B{R)} C Sj'"={Ao) 
for A e C\R. Since Sj'"={Aq) = clospan{P'"=(ylo)A/'A : A e C\M} holds we find 

Sj'"={Ao) = clospan{^o(A)F''"(Ao)ran(C*) : A e B{R)} 
which proves relation (|3.14|l . D 

In accordance with Appendix ^ we can perform a direct integral representation 
L'^{Aq, ^l,M\,Sm) oi Sj'^'^{A()) with respect to the absolutely continuous part 
Aq^ of Aq, where A^a, A e Aq, is defined by (|3.9() . ^l is the Lebesgue measure 
and Sm is the admissible system from Lemma IA.2I We recall that in this 
representation Aq'^ is unitarily equivalent to the multiplication operator M, 

(Af/)(A) := A/(A), /edom(A/), 

where 

dom(Af) := {/ e L^Ao^fiL^Mx^SM) : A ^ A/(A) e L^Ao, (^lMx^Sm)}- 

Since the scattering operator 5*0 (see (|3.1|l ') of the scattering system {Ae,^o} 
commutes with Aq and Aq'^ Proposition 9.57 of [HI implies that there exists a 
family {S'e(A)}AeAo of unitary operators in {A^aJagAo such that the scattering 
operator Sq is unitarily equivalent to the multiplication operator Sq induced by 
this family in the Hilbert space L^{Ao, ij,l,M\,Sm)- We note that this family 
is determined up to a set of Lebesgue measure zero and is called the scattering 
matrix. The scattering matrix defines the scattering amplitude {T'e(A)}AeAo by 

fe{X):=Se{X)-Ij^^, A e Aq. 

Obviously, the scattering amplitude induces a multiplication operator Tq in 
the Hilbert space L'^{Aq, ^il^Mx^Sm) which is unitarily equivalent to the T- 
operator 

Te:^Se-P''%Ao). (3.15) 

The scattering amplitude is also determined up to a set of Lebesgue measure 
zero. Making use of results from §18] we calculate the scattering amplitude 
of {Ae, Aq} in terms of the Weyl function M(-) and the parameter Q. Recall 
that the limit M(A + iO) exists for a.e. A e M, cf. Section IT^ 
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Theorem 3.5 Let A be a densely defined closed simple symmetric operator with 
finite deficiency indices in the separable Hilbert space Sj, let 11 — {7i,ro,ri} be 
a boundary triplet for A* and let Af(-) be the corresponding Wey I function. Fur- 
ther, let Aq^ A* \ ker(ro) and let As ^ A* \ T-^e, 6 € C{n), be a selfadjoint 
extension of A. Then L^ {Aq, fiL,A4\, Sm) is o- spectral representation of Aq'^ 
such that scattering amplitude {'70(A)}AgAo '^f ^^^ scattering system {Aq,Aq} 
admits the representation 

fe(A) =2^^(l + A2)Fc.(A)(e-A/(A + ^0))"Vc(A)* e [Mx] 
for a.e. A G Aq. 

Proof. Besides the scattering system {Ae,^o} and the corresponding scatter- 
ing operator Ss and T-operator Te defined in H3.1|l and (|3.15(l , respectively, we 
consider the scattering system {Aq,Ao, J}, where J is defined by H3.2|) . The 
wave operators of {Aq, Aq, J} are defined by 

W±iAe,Aa;J):^ s- lim e'*-^« Je-'*^°P"^(Ao); 

they exist and are complete since A has finite deficiency indices. Note that 

W±{Ae,Ao;J) = -{Ae-i)-'W±{Ae,Ao)iAo-iy' 

(3.16) 
^~W±iAe,Ao){Ao-i)-^ 

holds. The scattering operator Sj and the T-operator Tj of the scattering 
system {Aq,Aq; J} are defined by 

Sj := W+{Ae,Ao; J)*W^_(Ae, Aq; J) 

and 

Tj: = Sj- W+iAe,Ao; J)*W+iAe, A^; J) 

= Sj-{I + Al)-^P-'^{A„), ^ ■ ' 

respectively. The second equality in H3.17|l follows from (|3.16|) . Since the scat- 
tering operator ^e commutes with Aq we obtain 

Sj = {I + Aly^Se (3.18) 

from (|3.1()|) . Note that Sj and Tj both commute with Ao and therefore by ^ 
Proposition 9.57] there are famihes {S',/(A)}AeAo and {T,7(A)}AeAo such that 
the operators Sj and Tj are unitarily equivalent to the multiplication operators 
Sj and Tj induced by these families in L'^{/S.q,^l,M\,Sm)- From (|3.1|l and 
l|3.17|l we obtain 



Te(A)=5e(A)-/_^^ and Tj{X) = Sj{\) 
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(1 + A2)2 M^ 



for A e Ao. As (|XTH|l implies 5.7(A) = (1 + X'^)-^Se{\), A e Aq, we conclude 

TAX)^ (1^^2)2 ^eW' ^^^0- (3-19) 

In order to apply "B", Corollary 18.9] we have to verify that 

Urn B(Ae- \-ie)-^B* (3.20) 

e->+0 

exists for a.e. A G Ao in the operator norm and that 

s- lim C ({Aq - a - iS)-^ - (Aq - A + iSy^) f (3.21) 

exist for a.e. A e Aq and all / e A^, cf. 6, Theorem 18.7 and Remark 18.8], 
where C is given by 1)3. 3|l . Since 7i is a finite dimensional space it follows from 
Uni CHI that the (strong) hmit 

lim (-{e-M{X + ie)y^) =:-{e-M(X + iO)y^ 

of the [7i]-valued Nevanlinna function A 1-^ —(8 — il/(A))^^ exists for a.e. A G 
Aq, cf. Section 1^1 Combining this fact with Lemma Hi 21 we obtain that H3.2()|l 
holds. Condition 13.21|1 is fulfilled since C is a finite dimensional operator and 
A^ is a finite dimensional linear manifold. Hence, by |j6, Corollary 18.9] we have 

fj(A) - 2ni {~FBj{X)FciXy + Fc{\)B{Ae - A - iQ)-^B*Fc{Xy] 

for a.e. A e Aq. Making use of Lemma [3.31 and Lemma [3. 21 we obtain 

fj{X) - 2^zFc(A)| ^ 3m(e - M(z))-' + y^I© - ^'^(«))"' 

^ ((e-Af(A + zO))"'-(e-M(i))"') 



1 + A2 
1 



X + i 

Combining this relation with (|3.19|) we conclude 
1 



(e-M(z))-MFc(A)* 



-Te{X) = 27riFc(A)(e - Af (A + zO)) Fc(A)* 



1 + A2' 
for a.e. A G Aq which completes the proof. D 

In the following we are going to replace the direct integral L^(Ao, /ii, A^a, Sm) 
by a more convenient one. To this end we prove the following lemma. 
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Lemma 3.6 Let A he a densely defined closed simple symmetric operator with 
finite deficiency indices in the separable Hilbert space ^ and let H = {Ti, Fq, Fi} 
be a boundary triplet for A* with corresponding Weyl function M {■) . Further, let 
Aq = A* \ kcr(Fo), let Aq = A* \ T^^Q, O G Ciji.), be a selfadjoint extension 
of A and let Aq be a spectral core of Aq'^ such that M in (|3.8|l is a spectral 
manifold. Then 

FcixyPcix) - ^(YTa^ ^"^ ^^^^^ ^ '"^^ ^^-^^^ 

holds for a.e. X G Aq. 

Proof. Let B and C be as in ^'^.l^ and let Aq be a spectral core for Aq'^ such 
that Ai defined by (|3.8(l is a spectral manifold. By definition of the operator 
Dx we have 

{Fc{XrFc{X)u,v) - ■^{Eo{X)C*u,P'''{Ao)C*v), u,ven, 
dX 

for A G Aq. ft is not difficult to see that 

{Eo{S)C*u,P^^{Ao)C*v)= I ^{Eo{X)C*u,P^%Ao)C*v)d^lL{X) 

■^{Eo{X)C*u,C*v)dfiL{X) 

holds for all u,v E H and any Borel set (5 C M. Hence, we find 

4riE,iX)C*u,P--{Ao)C*v) = ^{Eo{X)C*u,C*v) 
dX dX 

for a.e. A G Aq and u,v E H, which yields 

iFciXrFciX)u,v) 

= lim —({(Ao-X- iS)-'^ - {Ao - X + i6)-^] C*u, C*v) 
i5-»+o zni 

for a.e. A G Aq and u,v eH. From C = Ti{Aa - i)"^ = l{-i)* (see (|S3|) and 
(EiZIl) and the relation Fi(Ao - A)"^ = 7(A)*, A G C\M, wc obtain 

C{(Ao-A - i5)-^ - (Ao - A + i5)-^]C* 

= ^ -Al{-iYl{-i) - 7(-^ - *'^)*7(-*)} 

- . ,^^.. {7Hr7H) - 7(A + ^<5)*7H)}. 
i — A + io 

With the help of l|2.5|l it follows that the right hand side can be written as 

' 5m(M(i)) • ^ ' "■ ' 



i — X — ib \ i + A + i(5 

1 f^ .,.. ^^ M(-i:)-M(X-iS) 

-— — - 3m {Mil)) + ^ .^^. \^ ^ 

I — A + iOl 2 + A — 20 
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and we conclude 

{Fc{XrFc{X)u, v) = ^^-L_((M(A + tO) - M(A - iO))u, v) 

for a.e. A € Aq and u,v eH which immediately yields (|3.22|l . D 

In order to formulate the main result we introduce the usual Hilbert spaces 
L^{Ao,hl, 'H) and i^(R, iil,'H) of square integrable H-valued functions on the 
spectral core Aq of A^'^ and on R, respectively. Note that L^(Ao,^l,H) is 
subspace of L^(R, /ii,7i). Let us define the family {T-C\}x^a'^' of Hilbert spaces 
Ha by 

Wa :=ran(3m (Af(A + iO))) CH, A G A*^ 

where M{X + iO) = lim^^o M{X + ie) and 

A^^ := {A e M : M{X + iO) exists}. 

We note that Tix = {0} is quite possible and we recall that M\A^^ has Lebesgue 
measure zero. By {Q{X)}x^tvM we denote the family of orthogonal projections 
from TL onto TLx. One easily verifies that the family {Q{X)}\i^iyM is measurable. 
This family induces an orthogonal projection Qq, 

(Qo/)(A) := Q(A)/(A), for a.e. A e Aq, / G L2(Ao,/^l,H), 

in L^{Aq,^l,T-1). The range of the projection Qq is denoted by L^(Ao, ^l,Ha)- 
Similarly, the family {Q{X)}x£A" induces an orthogonal projection Q in 
L^(R, /ii,7Y), the range of Q is denoted by L'^{R, ^L,T-i\). We note that 
L\Ao,fiL,nx) C L\R,fiL,nx) holds. 

Lemma 3.7 Let A be a densely defined closed simple symmetric operator with 
finite deficiency indices in the separable Hilbert space f), let 11 — {7i,ro,ri} be 
a boundary triplet for A* , Aq — A* \ ker(ro), and let M(-) be the corresponding 
Weyl function. If the Borel set Ao C Cac (j4o) is a spectral core of A'^'^ , then 
L2(Ao,ml,Ha)=L'(R,Ml,Ha). 

Proof. Define the set Aq^ by 

A^^ :== {A e A^^ : Hx ^ {0}}. (3.23) 

Then we have to verify that /iL(AQ^\Ao) = holds. From H2.5|l we obtain 

Qm (Af (A)) = 3m (A)7(A)*7(A), A e C+. 
and from (|2.4|l we conclude that 3m(Af(A)) coincides with 

3m (A)7(*)* {/ + (A + i){Ao - Xy^] {/ + (A - i){Aq - X)-^} 7(1). 
Hence we have 

3m (A/(A)) = 3m(A)7(z)*(Ao + i){Ao - Xy^Ao - i){Aa - X)-^j{i) 
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for A G C+ and if A tends to M from the upper half-plan we get 
5m(A/(A))=7r(l + A2) 



., jiirEoidX)j{i) 



dX 

for a.e. A G R. Here Eq{-) is the spectral measure of ^o- Hence for any bounded 
Borel set 6 G B{R) we obtain 

^ Qm{M{X))d^lL{X)^^TJ{iyES''{5h{{). 



5I + A 

Since Aq is a spectral core of A^'^ one has £'q'^(Ao) = Eq'^{R) which implies 
£'^'=(]R\Ao) = and therefore 

^m{M{X))dfiLiX) = 0. 



R\Ao 1 + A^ 

Hence we have 3m(Af(A)) = for a.e. A G IR.\Ao and thus Hx = {0} for a.e. 
A G IR\Ao. Consequently ij.l{Aq^\Ao) — and Lemma [3. 71 is proved. D 

We note that the so-called absolutely continuous closure clac(Ag^) of the set Ag^ 
(see (|X23), 

daciK^) -.^ {x e R : hl{(x - e,x + e) n A^') >« Ve > O}, 

coincides with the absolutely continuous spectrum aac{Ao) oi Aq, cf. |11[ Propo- 
sition 4.2]. 

The following theorem is the main result of this section, we calculate the 
scattering matrix of {^e, ^0} in terms of the Weyl function AI{-) and the pa- 
rameter Q in the direct integral L'^{R, fj.L,'H\). 

Theorem 3.8 Let A be a densely defined closed simple symmetric operator with 
finite deficiency indices in the separable Hilbert space ^ and let H = {7i, Fq, Fi} 
be a boundary triplet for A* with corresponding Weyl function M(-). Further, 
let Aq ^ A* \ ker(Fo) and let Ae ^ A* \ F-^e, 9 G C{n), be a selfadjoint 
extension of A. Then L^iJS., ^l,H\) performs a spectral representation of Aq'^ 
such that the scattering matrix {5'e(A)}AeK of the scattering system {Aq,Ao} 
admits the representation 

SeiX) = In, + 2zV3ni(Af(A))(e ~ M(A))" V»m(M(A)) G [Hx] (3.24) 
for a.e. A G M, where M{X) := M{X + iO) and Hx := ran (Qm (Af (A))). 

Proof. From the polar decomposition of Fc{X) G [?i, A^a] we obtain a family 
of partial isometrics V{X) G [MxjH] defined for a.e. A G Aq which map Mx = 
ia,n Fc{X) isometrically onto Hx such that 



V{X)FciX) = y Sm(A/(A-^^0)) 

V7r(l-h A^j 
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holds for a.e. A G Aq. Let us introduce the admissible system 

Since VSm = S one easily verifies that the operator 

(F/)(A):=V^(A)7(A), AeAo, 

defines an isometry acting from L^(Ao, /zl, A^Aj^x) onto L'^{Ao, fiL,'Hx,S) 
such that the multiplication operators induced by the independent variable 
in L^{Ao, fiL,M\,SM) and L^{Aq, ij,l,T-1\,S) are unitarily equivalent. Hence 
L^{Ao,iJ,L,?i\,S) is a spectral representation of Aq'^, too. In the spectral rep- 
resentation L'^{Ao,fiL,'H\,S) the operator Tq = Se — P°'''{Ao) is unitarily 
equivalent to the multiplication operator induced by {Te(A)}AeAo: 

Te{X)^V{X)fe{X)V{Xr, A e Aq, 

in L^{Ao, fiL,T-C\,S). Using Theorem 13.51 and Lemma IS^ wc find the represen- 
tation 

Te(A) = 2iy/^m{M{X + iO)){Q - M{X + iO))"^ v^^m (M (A + iO)) 

for a.e. A G Aq and therefore the scattering matrix {5'e(A)}AeAo has the form 

A straightforward computation shows that the direct integral 
L'^{Ao,fiL,Tix,S) is equal to the subspace L^(Ao,^l,Ha) Q L^{Aa,fj.L,Ti). 
Taking into account Lemma 1X71 we find L'^{Ao, ^L,Ti\,S) — L'^iM., ^l,T-L\) 
which shows that L^(K, /j,/,, Tix) performs a spectral representation of Ag'^ such 
that the scattering matrix is given by (|3.24|) . D 

Remark 3.9 Note that the scattering matrix {S'e(A)} in H3.24|l is defined for 
a.e. A G M and not only on a spectral core of Aq. In particular, if 3m (A/(A)) = 
for some A G M, then Tix = {0} and Sq{X) ~ ^{o}- In this case we set 
det5e(A) == 1. 

Corollary 3.10 Let A, 11, Aq and Aq be as in Theorem VS. 8\ and assume, in 
addition, that the Weyl function M{-) is of scalar type, i.e. M{-) — m{-)Iu with 
a scalar Nevanlinna function m{-). Then L^(K, /i^, T^a) performs a spectral rep- 
resentation of Aq'' such that the scattering matrix {S'e(A)}AGR of the scattering 
system {Aq,Aq} admits the representation 

5e(A)=/w, +2i 3m (m(A))(e-TO(A) •/„)"' G [Hx] 

for a.e. A G K. Here Ti\ = TL if^sva (771(A)) 7^ and Tix = {0} otherwise. If, in 
addition Q G \H\, then 

5e(A) = (e - MX) ■ In) (e - m(A) • In)''. (3.25) 

for a.e. A G M with 3m (to(A)) 7^ 0. 
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Remark 3.11 It follows from (|3.24|) that if 8 G [H], then the scattering matrix 
{iS'e(A)} admits the representation 

5e(A) = (3m(Af(A)))"'/'5(A)(3m(M(A)))'/' e [Hx] (3.26) 

for a.e. A e R with 3m(M(A)) ^ 0, where 

S'(A) := {e-M{X~iO)){e-M{\ + iQ)y\ (3.27) 

Here the operator (5m(M(A)))^^/^ is well defined in Tl\ for a.e. A e M. It 
is worth to note that the first (second) factor of S{-) admits a holomorphic 
continuation to the lower (resp. upper) half-plane. 

If the Weyl function M(-) = m{-)Ifi is of scalar type and Q e \H], then 
we have S'e(A) = S{\) and relations l|X^ and l|X^ turn into l|X^ . In 
this case Sq{-) itself can be factorized such that both factors can be continued 
holomorphically in C_ and C_|_, respectively. 

4 Spectral shift function 

M.G. Krein's spectral shift function introduced in {17 ^ is an important tool 
in the spectral and perturbation theory of self-adjoint operators, in particular 
scattering theory. A detailed review on the spectral shift function can be found 
in e.g. [niEI|. Furthermore we mention |2Q_,' _2]^i _22_ as some recent papers on 
the spectral shift function and its various applications. 

Recall that for any pair of selfadjoint operators 7?i, Hq in a separable Hilbert 
space S} such that the resolvents differ by a trace class operator, 

(i/i-A)-i-(Ho-A)-ie6i(i3) (4.1) 

for some (and hence for all) A e p{Hi)r\p{Ho), there exists a real valued function 
^(•) e Ljg^{R) satisfying the conditions 



tr {{H, - A)-i - (Ho - A)-i) = - /_ ^^-^ ^ dt, (4.2) 



Ae p{Hi)r\p{Hn), and 



l + t 



^^{t)dt<oo, (4.3) 



cf. 13 021 127| . Such a function ^ is called a spectral shift function of the pair 
{iJi,iJo}. We emphasize that ^ is not unique, since simultaneously with ^ a 
function £, + c, c G M, also satisfies both conditions (|4.2() and (|4.3|) . Note that 
the converse also holds, namely, any two spectral shift functions for a pair of 
selfadjoint operators {Hi,Ho} satisfying H4.1|l differ by a real constant. We 
remark that H4.2|l is a special case of the general formula 

tr (0(iJi) - <j>{Ho)) = f ^'(t) at) dt, (4.4) 
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which is vahd for a wide class of smooth functions. A very large class of such 
functions </>(•) has been described in terms of the Besov classes by V.V. Peller 
in lai- 

In Theoreni l4.1l below we find a representation for the spectral shift function 
^e of a pair of selfadjoint operators Aq and Aq which are both assumed to be 
extensions of a densely defined closed simple symmetric operator A with finite 
deficiency indices. For that purpose we use the definition 

/•OO 

log(r) := -i / ((T + it)-^ - (1 + tty^n) dt (4.5) 

Jo 

for an operator T on a finite dimensional Hilbert space TL satisfying Sm (T) > 
and ^ 'y{T), see e.g. [501122. ^ straightforward calculation shows that the 
relation 

det(T) = exp(tr (log(r))) (4.6) 

holds. Next we choose a special spectral shift function ^q for the pair {Ae, Aq} 
in terms of the Weyl function M and the parameter 8, see also 28 for the 
case of defect one. Making use of Theorem 13.81 we give a simple proof of the 
Birman-Krcin formula, cf . SI . 

Theorem 4.1 Let A he a densely defined closed simple symmetric operator 
in the separable Hilbert space f) with finite deficiency indices n± {A) = n, let 
n — {Ti, Fq, Fi} be a boundary triplet for A* and let M(-) be the corresponding 
Weyl function. Further, let Aq = A* \ ker(Fo) and let Aq = A* \ F^^O, 
O G [Ti], be a selfadjoint extension of A. Then the following holds: 

(i) The limit linie^+o log{M (X+ie) — O) exists for a.e. A g R and the function 

Ce(A) := -5m(tr(log(A/(A + iO)-e))) fora.e.XeR (4.7) 

n ' 

is a spectral shift function for the pair {yle,^o} with < 'fe(A) < n. 

(ii) The scattering matrix {Sq{X)}x^m. of the pair {Aq,Aq} and the spectral 
shift function ^e *^ H4.7|l are connected via the Birman-Krein formula 

det Se{X) = cxp(-27ni^e(A)) (4.8) 

for a.e. A G M (cf Remark K^} . 

Proof, (i) Since A i— > M{X) — 6 is a Nevanlinna function with values in [H] 
and e p(Qm(M(A)) for all A e C+, it follows that log(M(A) - 6) is well- 
defined for all A G C+ by H4.5|l . According to |2(JI Lemma 2.8] the function 
A 1-^ log(M(A) — Q), X G C+, is a [7i]-valued Nevanlinna function such that 

< 5m (log(Af (A) - 9)) < irln 

holds for all A G C+. Hence the limit limj^+o log(Af (A + ie) — 8) exists for a.e. 
A G M (see [HITHl and Section 1^ and A <-* tr(log(Af(A) - 9)), A G C+, is a 
scalar Nevanlinna function with the property 



< 3m (tr(log(Af (A) - 6))) <mr, A G 
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that is, the function ^e in H4.7|l satisfies < ^e(A) < n for a.e. A G M. 

In order to show that (|4.2|l holds with Hi , Hq and ^ replaced by Aq , Aq and 
^Oi respectively, we first verify that the relation 

^tr(log(Af (A) - 9)) = tr (^(A/(A) - e)-i^Af (A)) (4.9) 

is true for all A G C+. Indeed, for A G C-|- we have 

log(M(A) -Q) = -i / ((M(A) - e + it)-'^ - (1 + ity'^In) dt 
Jo 

by H4.5|) and this yields 

J />oo 

log(M(A) -Q) = i (Af (A) - e + it)-^ izx^'lW) {M{X} - 6 + ity^dt. 



dX JO 



Hence we obtain 



— tr(log(Af (A) - 6)) = ^ / tr ((Af (A) - 6 + i<)-2^Af (A)) di 
"A Jq 

and since ■^{M{X)-e + it)-^ = -i{M{\)-e + it)-^ fori e (0, c») we conclude 

-tr(log(Af(A)-e))=-y^ _tr((Af(A)-e + zr'i:A/(A)) di 

for all A G C+, that is, relation (|4.9I) holds. 
From H2.5|) we find 

^(^)*^(A) = Mi^I^iiMl, A,^gC\M, A^A^, (4.10) 

A — ^ 

and passing in H4.10|) to the limit ^ — ^ A one gets 

7(A)*7(A) = ^Af(A). 

Making use of formula (|2.6() for canonical resolvents together with H4.9() this 
implies 

tr {{Ae - A)-i - (Aq - A)-i) = -tr ((Af (A) - e)-S(A)*7(A)) 

d (4-11) 

= --tr(log(M(A)-e)) 

for all A G C+. 

Further, by [201 Theorem 2.10] there exists a [7i]-valued measurable function 

1 1-^ Se(i), t G M, such that 

Se(i)-Se(t)* and < Se(i) < /« 
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tr ((Ae - A)-i - {Ao X)-') ^- j ^—^^^^{t)dt. 



for a.e. A € K and the representatfon 

log(Af (A) - 6) = C + / Se(t) {{t - Xy^ - t(l + t^y^) dt, A e C+, 
holds with some bounded selfadjoint operator C Hence 

tr(log(M(A) - e)) = tr(C) + / tr (Se(i)) ((t - A)-i - t(l + t^)-!) dt 
for A G C+ and we conclude from 

Ce(A) = hm -Sm (tr(log(M(A + i() - 9))) 

= hm i f tr{Ee{t))e{t-X)^ + e^y^dt 
that ^e(A) = tr(Se(A)) is true for a.e. A G R. Therefore we have 
^tr(log(M(A) - 6)) = I (t - Xy'^eit) dt 

and together with 14.1111 we immediately get the trace formula 

1 

{t~xr 

The integrability condition H4.3() holds because of |20[ Theorem 2.10]. This 
completes the proof of assertion (i). 

(ii) To verify the Birman-Krein formula note that by 14.6|l 

exp(-2i5m (tr(log(Af (A) - 6)))) 

= exp(-tr(log(Af (A) - 9))) exp(tr(log(M(A) - 9))) 

_ det(A^(A) ^9) det(M(A)* - 9) 
^ dct(M(A) - 9) ~ det(M(A) - 9) 

holds for all A £ C+. Hence we find 

, ,, det(Af(A + iO)*-9) 
exp(-27ri,ee A ) = y-^, '- f 4.12 

for a.e. A G R, where Af (A + iO) := lim^^+o M{X + ie) exists for a.e. A G R. 
It follows from the representation of the scattering matrix in H3.24|l and the 
identity dct(/ + AB) = det(/ + BA) that 

detS'(A) = det ('/^+2i(3m(Af(A + iO))) (9 -Af (A + iO))"^') 

= det (in + (A/(A + iO) - A/(A + iQ)*) (9 - Af (A + i.Q))' 

= det ('(9 - Af (A + iQ)*) ■ (9 - A//(A + iO))"^] 

dct(9-A/(A + iO)*) 
det(9-Af(A + iO)) 
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(4.13) 



holds for a.e. A € R. Comparing I4.12|l with (|4.13|l we obtain (|4.8|) . D 

We note that for singular Sturm-Liouville operators a definition for the spec- 
tral shift function similar to H4.7|l was already used in |19| . 

5 Scattering systems of differential operators 

In this section the results from Section O and Section 0] are illustrated for some 
differential operators. In Section l5. II we consider a Sturm-Liouville differential 
expression, in Section [5. 21 we investigate Sturm-Liouville operators with matrix 
potentials satisfying certain integrability conditions and Section l5 . 31 deals with 
scattering systems consisting of Dirac operators. Finally, Section I5T^ is devoted 
to Schrodinger operators with point interactions. 

5.1 Sturm-Liouville operators 

Let p,q and r be real valued functions on (a, 6), — oo < a < b < oo, such 
that p{x) ^ and r{x) > for a.e. x G (a, 6) and p^^,q,r e L^{{a,c)) for all 
c e (a, b). Moreover we assume that either 6 = oo or at least one of the functions 
p~^,q,r does not belong to L^((a, 6)). The Hilbert space of all equivalence 
classes of measurable functions / defined on (a, 6) for which |/pr £ L^{{a,b)) 
equipped with the usual inner product 



(1,9) ■= / f{x)g{x)r{x)dx 

J a 

will be denoted by L'^{{a, b)). By our assumptions the differential expression 

r \ dx \ dx J J 

is regular at the left endpoint a and singular at the right endpoint b. In addition 
we assume that the limit point case prevails at 6, that is, the equation 

-(p/')' + ?./ = Ar/, AeC, 

has a unique solution 0(-,A) (up to scalar multiples) in L^((a, 6)). We refer to 
| 17l 151) for sufficient conditions on the coefficients r, p, q such that H5.1|l is limit 
point at b. 

In Ll{{a, b)) we consider the operator 

iAf)ix):^^{~{prYix)+qix)fix)) 
dom(A) : = {./£ V.^^a. ■ /(a) = b/')(a) - O}, 

where Vmax denotes the set of all / g L'^{{a, b)) such that / and pf are locally 
absolutely continuous and -{—(pfY + qf) belongs to L'^{{a, b)). It is well known 
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that A is a densely defined closed simple symmetric operator with deficiency 
indices (1, 1), see e.g. JEIISI and j53] for the fact that A is simple. The adjoint 
operator A* is 

{A*f){x) = -L^{^{pfy{x)+q{x)f{x)), dom{A*)=V^a.. 

If we choose 11 = {C, To, Fi}, 

Tof:=f{a) and Ti/ := (p/')(a), /edom(A*), 

then n is a boundary triplet for A* such that the corresponding Weyl function 
coincides with the classical Titchmarsh-Weyl coefficient to(-), cf. |33[l35ll5^l37| . 
In fact, if Lp{-, A) and ^{-j A) denote the fundamental solutions of the differential 
equation —{pf')' + qf = Xrf satisfying 

(f{a, A) — 1, [pip'){a, A) = and ^{a, A) = 0, {p^/){a, A) = 1, 

then sp{(/?(-, A) + m(A)V'(-, A)} = ker(A* -A), A € C\R, and by applying Tq and 
Fi to the defect elements it follows that m{-) is the Weyl function corresponding 
to the boundary triplet 11 . 

Let us consider the scattering system {^e-^o}, where ^o '■= A* \ ker(ro) 
and 

^e = ^* r kcr(ri - ero) = a* r {/ e dom [A*) \ (p/')(a) - e/(a)} 

for some G M. By Corollary 13 . 1 01 the scattering matrix has the form 



9-to(A) 

fc) — ?7l(Aj 

for a.e. A € R with Qm {ni{X + iO)) ^ 0, where m(X) := m{X + iO), cf. (|1.3|) . 
Notice, that in the special case A* = —cP/dx^, dom (A*) = VF|(K+), i.e. 

r(x) — p{x) = 1, q{x) =0, a = and b = oo, 

the defect subspaces ker(yl* — A), A e C\K, are spanned by a; i-^ e*^^, where 
the square root is defined on C with a cut along [0, oo) and fixed by 3m vA > 
for A ^ [0, oo) and by VA > for A G [0,oo). Therefore the Weyl function 
corresponding to 11 is rn(A) = ivA and hence the scattering matrix of the 
scattering system {Ae, ^o} is 

SeiX) = 1 + 2iVx{e - zVa)'' ^ ® ^ ' \^ , AeM+, 

6 — iv A 

where 6 G M, see |3H1 §3] and (|1.4|l . In this case the spectral shift function ^e(') 
of the pair {Aq, Aq} is given by 



ee(A) 



l-X[o,oo)(A)iarctan(^^j, 6 > 0, 

l-5X[o.oo), e = 0, (5.2) 

X(-oo -02) (A) - X[o,oo) (A) i arctan f ^^ j , 6 < 0, 
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for a.e. A € M. 

5.2 Sturm-Liouville operators with matrix potentials 

Let Q e L°°(IR_|_, [C"]) be a matrix valued function such that Q{-) — Q{)* and 
the functions x i-^ Q{x) and x i-^ xQ{x) belong to i^(R+, [C"]). We consider 
the operator 

A:=-^ + Q, dom{A):^{feWi{R+Xn- /(O) - /'(O) - O}, 

in L^(M+,C"). Then A is a densely defined closed simple symmetric operator 
with deficiency indices n±{A) both equal to n and we have A* = —cP/dx"^ + Q, 
dom{A*) = iy|(M+,C"). Setting 

ro/ = /(0), ri/ = /'(0), fedom{A*)=Wi{R+,C"), (5.3) 

we obtain a boundary triplet fl = {C", Fq, Fi} for A* . Note that the extension 
Aq = A* \ ker(Fo) corresponds to Dirichlet boundary conditions at 0, 

Ao = -^+Q, dom(Ao) = {/ e W^|(M+, C") : /(0) = 0}. (5.4) 

Proposition 5.1 Let A — —d?/dx^ + Q and H he as above and denote the 
corresponding Weyl function by Af(-). Then the following holds. 

(i) The function M{-) has poles on (— oo.O) with zero as the only possible 
accumulation point. Moreover, Af (•) admits a continuous continuation 
from C+ onto M+ and the asymptotic relation 

M{\ + iQ)=i^/\Icr^+o{\) as A = A-»+oo (5.5) 

holds. Here the cut of the square root y^ is along the positive real axis as 
in Section \b.\\ 

(ii) If & G [C"] is self-adjoint, then the scattering matrix {S'e(A)} of the 
scattering system {^e, ^o} behaves asymptotically like 

Se{X) = /c" + 2i\/A(e - iVX ■ Ic^y^ + o(l) (5.6) 

as A — > +00, which yields Sq{X) ~ — /c" as X —^ +cx3. 

Proof, (i) Since the spectrum of Aq (see (15.411 ) is discrete in (— cxd,0) with 
zero as only possible accumulation point (and purely absolutely continuous in 
(0, oo)) it follows that the Weyl function M(-) has only poles in (— oo, 0) possibly 
accumulating to zero. To prove the asymptotic properties of M{-) we recall that 
under the condition x i-^ xQ{x) G L^(IR+, [C"]) the equation A*y = Xy has an 
n X n-matrix solution _£(-, A) which solves the integral equation 

E{x, A) = e"^ /c. + r si^(v^ft-^)) Q(^)j^(^^ x)dt, (5.7) 

Jx V A 
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A e C+, X e M+, see |S]. By [S] Theorem 1.3.1] the solution E{x, A) is continuous 
and uniformly bounded for A G C+ and x G R+. Moreover, the derivative 
E'{x,X) = ■^E{x,X) exists, is continuous and uniformly bounded for A G C+ 
and X e IR+, too. From H5.7|l wc immediately get the relation 

£;(0,A) = /cn +^o(l) as 5Re(A)^+oo, A e C+. (5.8) 



Vx 



E'{x, A) == iVAe"^ /c« - / cos(VA(i - x))Q{t)E{t, \)dt, 



Since 



A e C+, X e IR+, we get 

£;'(0,A) =i\/A/„ + o(l) as 5Re (A) ^ +00, A e C+. (5.9) 

In particular, the asymptotic relations (|5.8|l and (|5.9|) hold as A ^ +00 along 
the real axis. Since A*E{x, A)^ = XE{x, X)S,, ^ G C", one gets 

A6. = ker(yl* - A) = {£:(•, A)^ : C e C"}, A G C+. 

Therefore using expressions H5.3|) for Fq and Fi we obtain 

MiX)^ E'{0,X)-E{0,X)-\ AgC+, (5.10) 

where the existence of E{0, A)^^ for A G C+U(0, 00) follows from the surjectivity 
of the map Fq and the fact that the operator Aq has no eigenvalues in (0,oo). 
Further, by continuity of E{0,X) and -E'(0, A) in A G C+ we conclude that 
the Weyl function M(-) admits a continuous continuation to M+. Therefore 
combining H5.10|l with (|5.8|) and (|5.9|) we arrive at the asymptotic relation 

A/(A + iO) = E'{0, X + iO)- E{0, X + iO)-^ = iVx /c- + o(l) 

as A = A ^ +00 which proves H5.5|l 

(ii) Let now e = e* G [C"] and let Aq = A* \ ker(Fi - OFq) be the 
corresponding selfadjoint extension of A, 

Ae - -^ + Q, dom (Ae) = {/ G W^{R+, C") : 9/(0) = /'(O)} , 

and consider the scattering system {Ae,^o}, where ^0 is given by H5.4|l . Com- 
bining the formula for the scattering matrix {S'e(A)}, 

S'e(A) = /c" + 2iV3m(M(A))(e - Af(A))" VQ^m(M(A)) 

for a.e. A G K+, from Theorem 13.81 with the asymptotic behaviour (|5.5|) of 
the Weyl function M(-) a straightforward calculation implies relation (|5.6() as 
A -^ +00. Therefore the scattering matrix of the scattering system {yle,v4o} 
satisfies 5*0 (A) ^ — /c as A — > +00. D 

We note that with the help of the asymptotic behaviour (|5.5I) of the Weyl 
function M{-) also the asymptotic behaviour of the spectral shift function ^e(') 
of the pair {Aq, Aq} can be calculated. The details are left to the reader. 
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Remark 5.2 The high energy asymptotic (|5.6|l is quite different from the one 
for the usually considered scattering system {Ao,Lo}, where Aq is as in (|5.4I) . 

Lo = -^, dom(Lo) = {/ e W^|(M+,C") : /(O) = O}, 

and Q is rapidly decreasing. In this case the scattering matrix {S'(A)}AeK+ 
obeys the relation limA^oo '5(A) ~ /c", see |3], whereas by Proposition 15.11 
the scattering matrix {5e(A)} of the scattering system {yle,v4o}, 9 € [C"] 
selfadjoint, satisfies limA^+oo '5'e(A) — — /c"- 

Let us now consider the special case Q = 0. Instead of A and A* we denote 
the minimal and maximal operator by L and L* and we choose the boundary 
triplet n from 1)5. 3|l . Then the defect subspace is 

J\fx^{x^ e*^^e : C e C", x e R+}, A e C+ U C_, 

and the Wcyl function M(-) is given by 

M(A) =iVA-/c", X^R+. 

Let Lq be the selfadjoint extension corresponding to 8 = 8* € C(C") and let 
Lq = L* \ kerFo. By Corollary 13 . lUI the scattering matrix {S'e(A)}A6R+ of the 
scattering system {Lq,Lq} admits the representation 

S'e(A) = /c" +2i\/A(e-i%/A-/c")"^ for a.e. A e M+. (5.11) 

Moreover, if 8 G [C"] formula (|5.11|) directly yields the asymptotic relation 

lim Se{X) = -/c- 

A — *+oo 

If, in particular = 0, then Lq = L* \ ker(ri) is the operator —cP/dx'^ 
subject to Neumann boundary conditions /'(O) = 0, and we have Sq{X) = — /c" , 
Ae]R+. 

We note that the spectral shift function ^e(') of the pair {Lq,Lo} is given 

by 



ee(A) = Y. ^e-^ (^) fo^ ^-^^ ^ ^ ^' (5-12) 

k=l 

where 8fc, k = l,2,...,n, are the eigenvalues of 8 = 8* G [C"] and the 
functions S,0^{-) are defined by H5.2|l . 

5.3 Dirac operator 

Let a > and let ^ be a symmetric Dirac operator on M defined by 

. , /O -l\ rf , fa \ , 
^^-(l 0Jd^^+(0 -aj^' 

dom(A) - {/ - {fij2V e WUR,C^) ■■ /(O) = 0} . 
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The deficiency indices of A are (2, 2) and A* is given by 

dom{A*) ^W^{R-,C^)®W^{R+,C^). 
Moreover, setting 

/i,/2 e W|(M-,C)®W^2HR+>C), we obtain a boundary triplet n = {C2,ro,ri} 
for A* , cf. JJ. Let the square root y/^ be defined as in the previous sections 
and let A;(A) := ^/X — a^JX + a, A e C. One verifies as in JI] that ker(A* — A), 
A G C+, is spanned by the functions 

/ ■ xA+^ ±»fc(A)x\ 

/a.±(x) := [^ vp^^^^ j XM,(x), X e R, A e C+, 

and hence for A G C+ the Weyl function M corresponding to the boundary 
triplet n is given by 



M(A)=( V^-"^ !^|, AeC+. (5.13) 

If = 0* is a selfadjoint relation in C^ and Aq = A* f r~-'^8 is the correspond- 
ing extension, 

d„„,Ae). {/.(/.)edo„,,A-,:((/j<°;); /.<;+»;) ee}. 

then it follows from Theorem lH.SI that the scattering matrix {S'e(A)}Aer2„ , where 
^a '■— (— oo,— a) U (a,oo), of the Dirac scattering system {Ae,^o}, Aq = A* \ 
ker(ro), is given by 



Se{X) = /c2 + 2iv/Sm(Af (A))(e - M(A)) V^m(M(A)) (5.14) 

for a.e. A € 51a, where 



|A+a| 

9m(M(A))= I V ^-- I, Xen^. (5.15) 

Note that for A G (—a, a) we have 5m (M(A)) = 0. 
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Remark 5.3 We note that the parameter Q — Q* G [C^], i.e. the boundary 
conditions of the perturbed Dirac operator ^e i can be recovered from the hmit 
of the scattering matrix S'e(A), |A| — > +00, corresponding to the scattering 
system {Aq,Aq}. In fact, it follows from H5.14|l . (|5.15|) and H5.13|l that 

S'e(oo) := lim SeW = h^ +2i{e - iy^ 

|A|^+oo 

holds. Therefore the extension parameter Q is given by 

O ^i{Se {00) + 1^2) {Se {00) - Ic2) . 
Assume now that & = ("q g^ ) , 6*1, 6*2 e M. Then 



dom(Ae) = {! 



^MedomMn- ^i/2(M-/i(o-) 

^^Jedom(A). e,f,{Q+)^f,{Q+) 
and the scattering matrix {5'e(A)}Ago„ has the form 











Ae rja- 



In this case the spectral shift function ^e of the pair {^e, ^0} is given by 

?e ( A) = ?yei (A) + r]e^ (A) for a.e. A e M, 
where 



A+g 
A— a 



1 -Xn„(A)iarctan f ^ 
m,W ■■= <jl-5Xo„(A), 

X(^i,a)(A) - Xn„(A)i arctan f j- 



A— a 






1, 2, and the real constants i?i, 'i?2 G (—a, a) are given by 



91 + 1 



and 



l__9l 

''iTel- 



5.4 Schrodinger operators with point interactions 

As a further example we consider the matrix Schrodinger differential expression 
—A + Q in _L^(R'^,C") with a bounded selfadjoint matrix potential Q{x) = 
Q{x)* , a; G R'^. This expression determines a minimal symmetric operator 



H:=-A + Q, dom {H) := {/ e W^{R\C") : /(O) = O}, 



(5.16) 
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in I/^(K.^, C"). Notice that H is closed, since for any cc G R^ the hnear functional 
Ix '■ f ^ f{x) is bounded in iy|(R'^, C") due to the Sobolev embedding theorem. 
Moreover, it is easily seen that the deficiency indices of H are n±{H) = n. We 
note that if Q = the self-adjoint extensions of H in I/^(R'^,C") are used to 
model so-called point interactions or singular potentials, see e.g. [301 [7]. 

In the next proposition we define a boundary triplet for the adjoint H* . For 
X = {xi, X2,X3)'^ € R^ we agree to write r := \x\ = {x^ + X2 + x^Y^"^. 

Proposition 5.4 Let H be the minimal Schrodinger operator 1)5.16(1 with a 
matrix potential Q ^ Q* E L°°(R^, [C"]). Then the following assertions hold. 

(i) The domain of H* = —A + Q is given by 

d„.„(i/-)^{/cL^«».c--), ii%f.;,^iz:Jm}- ^'■"'> 

(ii) A boundary triplet 11 = {C", Fq, Fi} for H* is defined by 

Fj/ := 2V^ej, / = ^0 ^ + 6 e-"^ + fn e dom (H*), j = 0, 1. (5.18) 

(iii) The operator Hq ~ H* \ ker(Fo) is the usual selfadjoint Schrodinger 
operator —A + Q with domain W^|(R'^, C"). 

Proof, (i) Since Q € i°°(R3, [C"]) the domain of H* does not depend on Q. 
Therefore it suffices to consider the case Q = 0. Here it is well-known, that 

dom(iJ*) = {f e i2(M3,C") n W^|_i„,(R3\{0},C") : A/ e L2(R^C")} 

holds, see e.g. |31 0], and therefore the functions x i-+ e^^ /r and x i-+ e"'', 
r = \x\ = {xi + X2 + x\)^l'^^ belong to dom(iJ*). The linear span of the 
functions 

r 
is a 27T,-dimensional subspace in dom (iJ* ) and the intersection with dom (iJ) is 
trivial. Since dim(dom(iJ*)/dom(_ff)) = 2n it follows that dom(iJ*) has the 
form ifCTTjI . 

(ii) Let /, (? e dom(iJ*). By assertion (i) we have 

f = h + fH, h^^Q hCie '', and g^k + gn, k = r/o h ?7i e '', 

r r 

with some functions fuiSH G dom (iJ) and '^OiCij'70j 'yi G C". Using polar 
coordinates we obtain 

{H*f, g) - (/, H*g) = {H*h, k) - {h, H*k) 

r°° d d f°° d d 

= Att I h{r)-—r -—k{r)dr^A'K I -—r -—h{r)k{r) dr 
Jq or or Jq or or 



An 



Q Q 

r h{r)-—k{r)~r ■7r-h{r)k{r) 
or or 
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and with the help of the relations 







r'^Hr 


= -e '■{(l + r)j7o+r^?7i} 


and 




r'-^hir) = -e~^{il + r)^o+r^^i} 


this implies 






{H*f,9)- 


-(/, 


H*g) = 47r 





This leads to 

{H*J,g) - if,H*g) = ATr{(,,r,o) - MCo.Vi) = (ri/,ro.g) - (T.f^Tog) 

and therefore Green's identity is satisfied. If follows from H5.17|l that the map- 
ping r = (ro,ri)^ is surjectlve and hence assertion (ii) is proved. 

(iii) Combining H5.16|l and (|5.17|l we see that any / e Wi(R^,C") admits a 
representation / = S,ie^^ + Jh with ,^1 :— /(O) and fn = f — ^le"'" G dom (H) 
which proves (iii). D 

It is important to note that the symmetric operator H in (|5.16(l is in general 
not simple (see e.g. 0), hence H admits a decomposition into a simple part H 
and a selfadjoint part Hg, that is, H = H(BHs, cf. Sect ion IT^ It is not difficult 
to see that the boundary triplet from Proposition 15 .41 is also a boundary triplet 
for H* . Then obviously the Schrodinger operator Hq from Proposition [^| (iii) 
can be written as Hq = Hq © Hg, where Hq — H* \ ker(ro). 

Let us now consider the case where the potential Q is spherically symmetric, 
that is, Q{x) = Q(r), r = {x\ -\- x\-\- a;§)^/^. In this case the simple part H of 
H becomes unitarily equivalent to the symmetric Sturm-Liouville operator 

^ = -^ + Q' dom(A) = {/ e iy|(M+,C") : /(O) = /'(O) = O}, 

cf. Section I5. 21 and the extension Hq becomes unitarily equivalent to the self- 
adjoint extension Aq of A subject to Dirichlet boundary conditions at 0. 

Proposition 5.5 Let H be the minimal Schrodinger operator with a spherically 
symmetric matrix potential Q = Q* ^ L°^'(M.'^, [C"]) from (|5.16|l and assume 
that r I— > Q{r) and r i~^ rQ{r) belong to i^(M_|_, [C"]). Let Hh and Ha be the 
boundary triplets for H* and A* defined by (|5.18|l and (|5.3() . respectively. Then 
the corresponding Weyl functions Mh{-) and Ma{-) are connected via 

Mh{X) = /c" + Ma(A), a e C\M, (5.19) 

and the pairs {H,Hq} and {A,Aq} are unitarily equivalent. Lf in particular, 
Q = 0, then A/h(A) = (i\/A + 1) • /c" . 
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Proof. Let E{-,X), A G C+, be the n x n-matrix solution of the equation 
A*E{r,X) = XE{r,X) from SectionO Since E{-,X)^ € i^(K+, [C"]), ^ G C", 
we see that 

U{x, A) :- ii?(r, A), r = {x^ + xl + xl)'/'' ^ 0, 

satisfies U{X, A)^ e 2.2(^3^ pnj^^ ^ ^ (^n^ ;^ g j^_^^ j^j^j 

iJ*t/(x, A)C = -AU{x, A)C + Q(r)C/(a;, A)^ 

= i(-£;"(A,r) +g(r)£;(r, A))e - i^*S(r,AK - \U{x,X)C 

Therefore ker(iJ* - A) = {C/(-,A)C : C e C"}, A e C+. It follows from ^^JE\i 
that t/(-, A)^ can be decomposed in the form 

Uix, A)e = -E{r, A)e = So(A)e — + Si(A)e g--^ + [/^(x, A)^, (5.20) 

r r 

where 

So(A)=£;(0,A), Si(A) = S(0,A) + ^'(0,A), (5.21) 

and Uh{-,X) G domTJ. 

Note that according to (j5.1()|l the Weyl function M^(-) corresponding to Ua 
is Ma(A) = E'{0,X) ■ E{0,X)-^, A G C+ On the other hand, ij^!^ and If^TT^} 
imply 

Mh{X) = Si(A) • So(A)-i = (S(0, A) + E'{0, A)) • £;(0, X)-^ = /c- + AfA(A). 

The unitary equivalence of the simple operators H and A as well as of the 
selfadjoint extensions Hq and Aq is a consequence of Corollary 1 and Lemma 2 
of US]. D 

Let now H = H ® Hg and Q be as in Proposition 15.51 and consider the 
scattering system {iJe,^o}, where Hq = H* \ F^^B for some selfadjoint 9 G 
C(C"). Then in fact one considers the scattering system {iJe,^o}: ^e = 
Hq © Hs- In accordance with Theorem 13. 81 the scattering matrix {5e(A)}AeR+ 
of the scattering system {iJe, ^o} is given by 

50(A) = /c-. + 2zv/3m(M^(A))(e - (Af^(A) + /c'.))"VSni(Af^(A)) 

for a.e. A G M+, where Ma{-) is the Weyl function of the boundary triplet fl^i, 
cf. H5.10|l . If, in particular (3 = 0, then iS'e(A) takes the form 

^e(A) = /c" + 2iVA(e - (i\/A + 1) • Ic^y\ 

In this case the spectral shift function ^e(') of the scattering system {iJe,-ffo} 
is given by 

ee(A)=ee-/(A) for a.e. A G R, 

where ^e-/(') is the spectral shift function of the scattering system {ie-/i -^o} 
(see the end of Section l5^ defined by H5.12|l . 
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A Direct integrals and spectral representations 

Following the lines of we give a short introduction to direct integrals of 
Hilbert spaces and to spectral representations of selfadjoint operators. 

Let A be a Borel subset of R and let /x be a Borel measure on R. Further, 
let {Ha, (•, OhaIasA be a family of separable Hilbert spaces. A subset S of 
the Cartesian product X^^a^a is called an admissible system if the following 
conditions are satisfied (see 0): 

1. The set S is linear and S is closed with respect to multiplication by func- 
tions from L°°(A,/i). 

2. For every / G 5 the function A i-^ II/('^)II'Ha i^ Borel measurable and 

/All/(A)||?,,dMA)<oo. 

3. span{/(A) | / G 5} is dense in Hx (mod /^). 

4. If for a Borel subset A C A one has J^ \\fi\)\\n^d^i{\) = for aU / e 5, 
then ^(A) = 0. 

A function / G XagaHa is strongly measurable with respect to S if there exists 
a sequence tn & S such that Hm„^oo ll/(A) — in(A)||-HA = (mod /x) is valid. On 
the set of all strongly measurable functions f,g£ Xasa'^a with the property 

II/(A)||ha^m(A) < oo and / \\g{\)\\l^^dii{\) < oo 

A J A 

we introduce the semi-scalar product 

(/,.9):= /(/(A),5(A))„/MA). 

J A 

By completion of the corresponding factor space one obtains the Hilbert space 
L^(A, /i, TYa, 5) which is called the direct integral of the family TCx with respect 
to A, ij, and S. 

Let in the following Aq be a selfadjoint operator in the separable Hilbert 
space Sj, let Eq be the orthogonal spectral measure of ^o, denote the absolutely 
continuous subspace of Aq by io°^(ylo) and let /i^ be the Lebesgue measure. 

Definition A.l We call a Borel set A C aac{Ao) a spectral core of the operator 
Ag^ := Ao \ dom(Ao) ni3"^(Ao) if Eoim^'^Ao) = ii"^(Ao) and fi^A) is 
minimal. A linear manifold Ai C Sj°''^[Aq) is called a spectral manifold if there 
exists a spectral core A of A'^'^ such that the derivative ■j^{Eo(X)f, f) exists for 
all f € M and all A e A. 

Note that every finite dimensional linear manifold Al in i5'"^(Ao) is a spectral 
manifold. Let us assume that Ai C f)"-'^[A{)) is a spectral manifold which is 
generating with respect to Ag'^, that is, 

io"'=(Ao) = clospan{£;o(A)/ : A e S(M), / G M] (1.1) 
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holds and let A be a corresponding spectral core of Aq'^. We define a family of 
semi-scalar products (•, Obo.a by 

{f,9)EoA := -^{Eo{X)f,g), A G A, /,.g e M, 

and denote the corresponding semi-norms by || • ||_Eo,a- We remark, that the 
family {(•, ■)Eo,x}xeA is an example of a so-called spectral form with respect to 
the spectral measure Eg'' := Eg \ Sj^^iAo) of Ag'^ (see Section 4.5.1]). By 
A4\, A S A, we denote the completion of the factor space 



7W/kcr(|| 



\Eo,X) 



with respect to || • |i_E(,,A- The canonical embedding operator mapping A^ into 
the Hilbert space A^ a, A € A, is denoted by Jx, 

J\ : M -^ M\, k h-> Jxk. 



Lemma A. 2 The set 

Sm := \Y.ai{\)Jxfi -.fieM, me L°°(A,/i), n e N I C Xxe^Mx 

is an admissible system. 

Proof. Obviously Sm is linear and closed with respect to multiplication by 
functions from L°°{A, ^). For /(A) = Jxf, f G M, A G A, wc find from 

ll/(A)ll^^ = ll/llkA = ^(^o(A)/,/) 
that A 1-^ ll/l-^)!! iQ '^ Borel measurable and that 

\\f{X)\\l,df,LW = (i?o(A)/,/) = (/,/) < «. 

A ^ 

holds. Hence it follows that condition (2) is satisfied. For each A S A the set 
{Jxf ■ f S A^} is dense in Mx, thus (3) holds. Finally, if for some A € 13(A) 
and all / € Sm 

0= / \\f{X)\\j^df,LW^{Eo{A)fJ)^\\Eo{A)fr 

J A 

holds, the assumption that A4 is generating implies £'0(^)5 = for every g G 
?)"'''{Ao), hence Eq{A) =0. As A is a spectral core we conclude /iL(A) = 0. D 

Then the direct integral L^{A, iJ,L,Aix,SM) oi the family Mx with respect to 
the spectral core A, the Lebesgue measure and the admissible system Sm in 



35 



Lemma fA.2l can be defined. By [SI Proposition 4.21] there exists an isometric 
operator from Sj°''^{Ao) onto L^(A, /i^, AIai^tvi) such that Eo{A) corresponds 
to the multiphcation operator induced by the characteristic function XA for any 
A G S(A), that is, the direct integral L'^{A, ^LjMxjSm) performs a spectral 
representation of the spectral measure Eq'^ of Aq"^. 

According to [Sj Section 3.5.5] we introduce the semi-norm [■]_Eo.a, 

[f]%^^:^\imsnpUEo{[\X + h))fJ), A G M, / efj^^Ao), 

and we set 

2?A:={/ei3°^(Ao):[/]B„,A<oo}, A e M. (1.2) 

If Al is a spectral manifold and A is an associated spectral core, then A4 C Vx 
holds for all A G A. Moreover, we have 

(/,/)bo.a = [/]Io,a, f^M, AeA. 

By Vx we denote the Banach space which is obtained from Vx by factorization 
and completion with respect to the semi-norm [•]£;o,Aj i.e. 

^A:=clo[.]^^^,(l?A/ker([.]s„,A)). 

For A e A we will regard Mx SiS a subspace of Vx- By Dx we denote the 
canonical embedding operator from Vx into Vx- Note that cIoZ^aAI = Mx, 
A S A, where the closure is taken with respect to the topology of Vx- 

Lemma A. 3 For a continuous function ip on ct^Aq) the relation 

Dx^iAo)f = ipiX)Dxf 

holds for all X CzR and all f G Vx ■ 

Proof. We have to check that 

= [^(Ao)/ - ¥'(A)/]|„,A 

= hm sup i (e^ ( [A, a + h)) (^(Ao) - (p(A)) /, (^(Aq) - ^(A)) / 

= limsupi y d[Eo{t){v{A^) - ip{X))f, (^(Aq) - viX))f) 

holds for A e M and f eVx- From 

(Eoit){ipiAo)-ipiX))f,{ipiAo)~^iX))f)^ f \ip{s)~^iX)\'d{Eo{s)fJ) 

we find 

b(Ao)/ - ^(A)/]|„,A = limsup - / |^(t) - ^{X)\^d{Eo{t)f, /). 

h— " Jx 

As / belongs to Dx and (p is continuous on cr(Ao) we obtain that this expression 
is zero. D 
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